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RIGIDITY OF STABLE MINIMAL HYPERSURFACES IN
ASYMPTOTICALLY FLAT SPACES
ALESSANDRO CARLOTTO
Abstract. We prove that if an asymptotically Schwarzschildean 3-manifold (M, g) contains a
properly embedded stable minimal surface, then it is isometric to the Euclidean space. This implies,
for instance, that in presence of a positive ADM mass any sequence of solutions to the Plateau
problem with diverging boundaries can never have uniform height bounds, even at a single point.
An analogous result holds true up to ambient dimension seven provided polynomial volume growth
on the hypersurface is assumed.
1. Introduction
Asymptotically flat manifolds naturally arise, in general relativity, as models for isolated gravi-
tational systems and can be regarded as one of the most basic classes of solutions to the Einstein
equations. Their study has flourished over the last fifty years and the geometric and physical prop-
erties of these spaces have been widely investigated. In this article, our work is centered around the
following fundamental question:
Problem (A). Are there complete, stable minimal hypersurfaces in asymptotically flat manifolds?
Throughout this paper, the word complete is always meant to implicitly refer to non compact
minimal hypersurfaces without boundary. Furthermore, we shall tacitly assume all our hypersurfaces
to be two-sided.
Apart from their intrinsic relevance, stable minimal hypersurfaces naturally arise as limits of two
categories of important variational objects:
(L1) sequences of minimizing currents solving the Plateau problem for diverging boundaries
(L2) sequences of large isoperimetric boundaries or, more generally, of large volume-preserving
stable CMC hypersurfaces [EM12,EM13]
and thus their study plays a key role in the process of deeper understanding the large-scale geometry
of initial data sets.
From our perspective, the previous question had a twofold motivation: on the one end it could
be regarded as a natural extension of the analysis of stable minimal hypersurfaces in the Euclidean
space, on the other it implicitly arose in the proof of the Positive Mass Theorem by Schoen-Yau
[SY79]. Even in the most basic of all cases, namely when (M,g) is Rn with its flat metric and Σn−1
is assumed to be an entire minimal graph, the study of Problem (A) has played a crucial role in the
development of Analysis along the whole course of the twentieth century:
During the preparation of this work, the author was partially supported by Stanford University and NSF grant
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Problem (B). Are affine functions the only entire minimal graphs over Rn−1 in Rn?
Indeed, minimal graphs are automatically stable (in fact: area-minimizing) by virtue of a well-
known calibration argument [CM11] and thus Problem (B) can be regarded as the most special
subcase of Problem (A). Such problem, which is typically named after S. N. Bernstein, was formu-
lated around 1917 [Ber17] as an extension of the n = 3 case, which Bernstein himself had settled
(see also [Fle62] for a different approach). In higher dimensions, the answer is positive only up to
ambient dimension 8 and is due to De Giorgi (for n = 4, [dG65]), Almgren (for n = 5, [Alm66]) and
Simons (for 6 ≤ n ≤ 8, [Sim68]) who also showed that the conjecture is false for n ≥ 9 because of
the existence of non-trivial area-minimizing cones in Rn−1 (see [BdGG69]).
When the ambient manifold is Euclidean, but Σ is only known to be stable (and not necessarily
graphical) a similar classification result is only known when n = 3 and it was obtained independently
by do Carmo and Peng [dCP79] and Fischer-Colbrie and Schoen [FS80]:
Theorem. [dCP79,FS80] The only complete stable oriented minimal surface in R3 is the plane.
However, the same statement is still not known to be true in Rn for n ≥ 4 unless the minimal
hypersurface Σn−1 under consideration is assumed to have polynomial volume growth meaning that
for some (hence for any) point p
H
n−1(Σ ∩Br(p)) ≤ θ∗rn−1, for all r > 0.
Before stating our main theorems concerning question (A), we need to recall an essential physical
assumption which will always be tacitly made in the sequel of this article. It is customary in general
relativity to assume that the energy density measured by any physical observer is non-negative at
each point: this turns out to imply the requirement, in the time-symmetric case (which is the one
we are considering here), that the scalar curvature be non-negative at all points of M .
In all of the statements below and throughout the paper we shall assume that the manifold (M,g)
is connected, orientable and has finitely many ends.
Our first theorem states that there is a wide and phyisically relevant class of asymptotically flat
manifolds for which positivity of the ADM mass is an obstruction to the existence of stable minimal
surfaces. Once again, we refer the readers to the next section for the defintions of ADM mass: for
the sake of this Introduction, they may consider the ADM massM a scalar quantity measuring the
gravitational deformation of (M,g) from the trivial couple (Rn, δ).
Theorem 1. Let (M,g) be an asymptotically Schwarzschildean 3-manifold of non-negative scalar
curvature. If it contains a complete, properly embedded stable minimal surface Σ, then (M,g) is
isometric to the Euclidean space R3 and Σ is an affine plane.
An analogous result is obtained for ambient dimension 4 ≤ n < 8 under an a-priori bound on the
volume growth of Σ (as we specified above) and provided the stability assumption is replaced by
strong stability.
Theorem 2. Let (M,g) be an asymptotically Schwarzschildean manifold of dimension 4 ≤ n < 8
and non-negative scalar curvature. If it contains a complete, properly embedded strongly stable
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minimal hypersurface Σ of polynomial volume growth, then (M,g) is isometric to the Euclidean
space Rn and Σ is an affine hyperplane.
These two theorems also apply to the physically relevant case when the ambient manifold M
has a compact boundary (an horizon, for instance) once it is assumed that Σ ⊂ M \ ∂M . If
instead Σ is allowed to intersect the boundary ∂M (and thus to have a boundary ∂Σ), then a
variation on the argument we are about to present allows to prove that there cannot be stable free
boundary minimal surfaces in non-trivial asymptotically Schwarzschildean 3-manifolds with weakly
mean-convex boundary ∂M (with respect to the outward pointing unit normal).
We expect Theorem 1 to be sharp at that level of generality, and more specifically we certainly
do not expect the assumption of properness to be inessential to the above theorems, unless Σ is
assumed to be (locally) area-minimizing in which case properness can be easily proved via a standard
local replacement argument. Moreover, we expect the minimal surface Σ to be automatically proper
under the additional assumption that M has an horizon boundary, more precisely that ∂M is a
finite union of minimal spheres and there are no other closed minimal surfaces in M . However,
we will not investigate these aspects further in this work as we plan to analyse them carefully in a
forthcoming paper with O. Chodosh and M. Eichmair.
Theorem 1 has several remarkable consequences and, among these, we would like to mention an
application to the study of sequences of solutions to the Plateau problem for diverging boundaries
belonging to a given hypersurface. We will first need some terminology. Given an asymptotically flat
manifold (M,g) with one end and, correspondingly, a system of asymptotically flat coordinates {x}
we call hyperplane a subset of the form Π =
{
x ∈ Rn \B |∑ni=1 aixi = 0} for some real numbers
a1, a2, . . . , an. Possibly by changing {x} (we do not rename) one can always reduce to the case when
a1 = . . . = an−1 = 0 and an = 1. In this setting, we define height of a point in M \Z ≃ Rn \B the
value of its xn−coordinate. Moreover, we denote by x′ the ordered (n− 1)−tuple corresponding to
the first (n− 1) coordinates of a point in M \ Z.
Corollary 3. Let (M,g) be an asymptotically Schwarzschildean 3-manifold of non-negative scalar
curvature and positive ADM mass, let Π an hyperplane and let (Ωi)i∈N any monotonically increasing
sequence of regular, relatively compact domains such that ∪iΩi = Π. For any index i, define Γi to
be a solution of the Plateau problem with boundary ∂Ωi. Then for each x
′ ∈ Π the sequence (Γi)i∈N
cannot have uniformly bounded height at x′, namely
lim inf
i→∞
min
(x′,x3)∈Γi
|x3| = +∞.
This corollary follows at once from Theorem 1 by means of a standard compactness argument
(see, for instance, [Whi87b]).
As anticipated above, the proofs of our rigidity results are inspired by the proof given by Schoen-
Yau of the Positive Mass Theorem in [SY79] where (arguing by contradiction) negativity of the
ADM mass is exploited for constructing a (strongly) stable complete minimal surface of planar
type, thereby violating the stability inequality by a preliminary reduction, via a density argument,
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to a Riemannian metric of strictly positive scalar curvature, at least outside a compact set. In our
case, we need to deal with two substantial differences:
(1) the structure and the behaviour at infinity of the hypersurface Σ (in terms of topology,
number of ends, asymptotics) are not known a priori;
(2) the metric g is only required to have non-negative scalar curvature, thereby admitting the
(relevant) case when it is in fact scalar flat, as prescribed by the Einstein constraints in the
vacuum case.
These delicate aspects are not dealt with in previous works (specifically: the statements about
large CMC spheres in [EM12] either assume quadratic area growth or strict positivity of the ambient
scalar curvature) and indeed one crucial part of our study (and a preliminary step in the proof
of Theorem 1 and Theorem 2) is to characterize the structure at infinity of a complete minimal
hypersurface having finite Morse index.
Essentially, we extend to asymptotically flat manifolds the Euclidean structure theorem by Schoen
[Sch83] which states, roughly speaking, that any such minimal hypersurface has to be regular at
infinity in the sense that it can be decomposed (outside a compact set) as a finite union of graphs
with at most logarithmic growth when n = 3 or polynomial decay (like |x′|3−n) when n ≥ 4. Schoen
proved this theorem making substantial use of the Weierstrass representation for minimal surfaces,
a tool which is strongly peculiar of the Euclidean setting as its applicability relies on the fact that
the coordinate function have harmonic restrictions to minimal submanifolds. Instead, our approach
has a more analytic character and is thus applicable to a wider class of spaces.
The results contained in this article have been first announced in June 2013 and made available,
in a preliminary form, in October 2013: in that version we gave a rather different proof of Theorem 1
which seemed to require a quadratic area growth assumption, in analogy with the higher dimensional
case. While completing the preparation of the present article, we were communicated that O.
Chodosh and M. Eichmair were able to remove, independently of us, such assumption in our rigidity
theorem.
We would like to conclude this Introduction by mentioning the very recent paper [CS14] by
the author and R. Schoen, where we show that the rigidity Theorem 1 (as well as Theorem 2) is
essentially sharp by constructing asymptotically flat solutions of the Einstein constraint equations
in Rn (for n ≥ 3) that have positive ADM mass and are exactly flat outside of a solid cone (for
any positive value of the corresponding opening angle) so that they contain plenty of complete,
stable hypersurfaces. A posteriori, this strongly justifies our requirement that the metric g is
asymptotically Schwarzschildean.
2. Definitions and notations
We need to start by recalling the definition of weighted Sobolev and Hölder spaces in the Euclidean
setting (Rn, δ). Here and in the sequel we always assume n ≥ 3 and we let r ∈ C∞(Rn) any positive
function which equals the usual Euclidean distance | · | outside of the unit ball.
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Definition 4. Given an index 1 ≤ p ≤ ∞ and a weight δ ∈ R we define the weighted Lebesgue
spaces Lpδ(Rn) as the sets of measurable functions on Rn such that the corresponding norms ‖·‖Lpδ
are finite, with
‖u‖Lp
δ
=


(∫
Rn
|u|pr−δp−n dL n)1/p , if p <∞∥∥r−δu∥∥
L∞
, if p =∞.
Correspondingly, for an integer k ∈ N we define the weighted Sobolev spaces Wk,pδ (Rn) as the sets
of measurable functions for which the norms
‖u‖
Wk,p
δ
=
∑
0≤|γ|≤k
‖∂γu‖Lp
δ−|γ|
are finite.
Definition 5. Given an integer k ∈ N, and real numbers δ ∈ R and β ∈ (0, 1) we define the Hölder
space Ck,βδ (Rn) as the set of continuous functions on Rn for which the norm ‖·‖Ck,β
δ
‖u‖
Ck,β
δ
=
∑
0≤|γ|≤k
sup
x∈Rn
r(x)−δ+|γ| |∂γu(x)|+
∑
|γ|=k
sup
|x−y|≤r(x)
|r(x)−δ+k∂γu(x)− r(y)−δ+k∂γu(y)|
|x− y|β
is finite.
If M is a Wk,p (resp. Ck,β) manifold such that there is a compact set Z for which M \Z consists
of a finite, disjoint union
⊔N
l=1El and for each index l there is a diffeomorphism (of the appropriate
level of regularity) Φl : El → Rn \ Bl (for some Euclidean ball Bl) then one can easily define
the weighted spaces Wk,pδ (resp. Ck,βδ ). That is done, routinely, by choosing a finite atlas of M
consisting of the charts at infinity together with finitely many pre-compact charts and adding the
Wk,pδ (Rn \Bl) (resp. Ck,βδ (Rn \Bl)) norm on the former to the Wk,p (resp. Ck,β) norm on the latter
ones. The resulting spaces Wk,pδ (resp. Ck,βδ ) as well as their topology are not canonically defined,
yet only depend on the choice of the diffeomorphisms Φl for l = 1, . . . , N . Such definition is easily
extended to tensors of any type by following the very same pattern.
Definition 6. Given an integer n ≥ 3, and real numbers p > n−22 , β ∈ (0, 1) a complete manifold
(M,g) is called asymptotically flat of type (p, β) if:
(1) there exists a compact set Z ⊂M (the interior of the manifold) such that M \Z consists of
a disjoint union of finitely many ends, namely M \ Z = ⊔Nl=1El and for each index l there
exists a smooth diffeomorphism Φl : El → Rn \ Bl for some open ball Bl ⊂ Rn containing
the origin so that the pull-back metric
(
Φ−1l
)∗
g satisfies the following condition:((
Φ−1l
)∗
g
)
ij
− δij ∈ C2,β−p (Rn \Bl)
(2) the scalar curvature R is integrable, namely
R ∈ L1(M).
From now onwards and throughout this article, we will assume to deal with asymptotically flat
manifolds with only one end. This does not really cause any loss of generality for what concerns the
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proof of our rigidity results, the modifications to handle the case of multiple ends (of the ambient
manifold) being of purely notational character.
As first suggested in [SY79] (but see also [EHLS11]), for a number of purposes it is convenient to
work, whenever possible, with asymptotically flat data that have a particularly simple description
at infinity.
Definition 7. Let n ≥ 3, and let (M,g) be an asymptotically flat manifold with one end. We say
that (M,g) is asymptotically Schwarzschildean if there exists diffeomorphisms (as in the Definition
6) as well as a function h ∈ C2,β2−n such that for i, j = 1, 2, . . . , n
h(x) = 1 + a |x|2−n
gij = h
4
n−2 δij +O
2,β
(
|x|1−n
)
.
We then recall the notion of ADM mass, which was introduced in [ADM59] in the context of the
Hamiltonian formulation of general relativity (see also [Bar86] for a mathematical discussion of its
well-posedness).
Definition 8. Given an asymptotically flat manifold (M,g) with one end (so that the scalar cur-
vature is integrable by assumption) one can define the ADM mass M to be
M = 1
2 (n− 1)ωn−1 limr→∞
∫
|x|=r
n∑
i,j=1
(gij,i − gii,j) x
j
|x| dH
n−1
where ωn−1 is the volume of the standard unit sphere in R
n.
In 1979 Schoen and Yau proved the most fundamental property of this quantity, namely its
positivity.
Theorem 9. [SY79,Wit81] Let (M,g) be an asymptotically flat manifold of dimension 3 ≤ n < 8
with one end and satisying the dominant energy condition. Then M ≥ 0 and equality holds if and
only if (M,g) is isometric to the Euclidean space (Rn, δ).
In fact, in case of multiple ends such inequality holds at the level of each end and a closer look
at the proof of the equality case [Sch84] shows that it is enough to have one end of null ADM mass
to force the whole space to be globally isometric to (Rn, δ).
Our rigidity results need to make use of the physical meaning of the constant a given in Definition
7. To that aim, we recall the following basic computation (the reader might check it, for example,
in [EHLS11]).
Lemma 10. Let (M,g) be an asymptotically flat manifold (with one end) having harmonic asymp-
totics and let a be given by Definition 7. Then
M = (n− 2)
2
a.
As a result, if we prove that an asymptotically Schwarzschildean manifold (of non-negative scalar
curvature) has a = 0 then it follows by the Positive Mass Theorem (Theorem 9) that the expansion
of the metric has to be trivial to all orders (namely g = δ).
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The very same computation shows, more generally, the following: if (M1, g1) is an asymptotically
flat manifold (according to Definition 6) and h = 1 + a|x|2−n +O2,β(|x|1−n) is C2,βloc then the ADM
mass of (M2, g2) where g2 = h
4
n−2 g1 and n is the dimension of M1 is given by
M2 =M1 − 1
2ωn−1
lim
r→∞
∫
|x|=r
h∇ν1hdH n−1 =M1 +
(n− 2)
2
a.
Notations. We denote by R (resp. Ric(·, ·)) the scalar (resp. Ricci) curvature of (M,g), by
RΣ the scalar curvature of Σ →֒ (M,g) and by ν (a choice of) its unit normal. This is globally
well-defined if Σ is two-sided (or, equivalently, orientable sinceM is itself assumed to be orientable).
For Euclidean balls centered at the origin we omit explicit indication of the center and hence we
write Br instead of Br(p). The latter notation is instead reserved to metric balls in the ambient
manifold (M,g). We let C be a real constant which is allowed to vary from line to line, and we
specify its functional dependence only when this is relevant or when ambiguity is likely to arise.
3. Proof of the rigidity statements
The scope of this section is to give a detailed proof of Theorem 1 and Theorem 2. Our arguments
turn out to be quite different in the case n = 3 (treated in Section 3.1) and 4 ≤ n < 8 (treated in
Section 3.2), even though the conceptual scheme is quite similiar and in both cases we make use of
a deep result of L. Simon [Sim83b,Sim85] concerning the uniqueness of tangent cones in the context
of his study of isolated singularities of geometric variational problems. Each of the two proofs is
split into a sequence of lemmata which may be of independent interest, and in particular we remark
that the union of Lemma 12, Lemma 13 and Lemma 14 gives a characterization, in the context of
asymptotically flat spaces, of complete minimal surfaces of finite Morse index.
We shall start by introducing a viewpoint which will turn out to be very convenient. Given
Σ →֒ M a minimal hypersurface in an asymptotically flat manifold (Definition 6) we let Σi be an
unbounded connected component of Σ \ Z, where Z is the core of M . Thus, there exists an end1
E of M such that Σi →֒ E and so (by means of the diffeomorphism Φ : E → Rn \ B) we can
consider a copy of Σi, which we will call Σi0, as a submanifold with boundary in R
n \ B with the
geometry induced by the ambient Euclidean metric. As a result, each Σi0 is not minimal, but is a
stationary point of a functional F = F0+E with F0 the (n−1)-dimensional Hausdorff measure and
E an error term which decays at infinity with a rate that depends on the asymptotics of gij − δij
at infinity. Moreover, if Σ is stable then each Σi0 will be a stable stationary point for F. Finally,
it is convenient to assume that the ball B is centered at the origin (which of course we can always
arrange, be means of a translation). We shall denote the ADM mass of the end E by M.
3.1. The proof for n = 3. As a preliminary and general remark, we shall remind the reader of
a finiteness result (due to D. Fischer-Colbrie) concerning the structure at infinity of a complete
minimal surface having finite Morse index in a 3-manifold of non-negative scalar curvature.
1In fact, E is the only end of M as we are assuming, for the sake of simplicity, to deal with asymptotically flat
manifolds with only one end (as stated in Section 2).
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Lemma 11. [FC85] Let (N, g) be a 3-manifold with non-negative scalar curvature, Γ a complete
oriented minimal surface in N . If Γ has finite Morse index then there exists a compact set Ω and a
smooth positive function u that solves the equation Lu = 0 on Γ\Ω. The metric u2g|Γ is a complete
metric on Γ with non-negative Gaussian curvature outside Ω. In particular, it follows that Γ is
conformally diffeomorphic to a complete Riemann surface with a finite number of points removed.
From here onwards, let us get back to the asymptotically flat setting presented in the statement
of Theorem 1.
Lemma 12. Let Σ →֒M3 be a complete minimal surface of finite Morse index. Given any p0 ∈M
there exists r0 > 0 such that for any r > r0 the intersection of Σ with ∂Br(p0) in M is transverse.
Furthermore Σ \Br0(p0) can be decomposed in a finite number of annular ends.
By the word annular, we mean that each connected component of Σ \Br0(p0) is diffeomorphic to
an annulus S1 × [r0,+∞) (and that the same conclusion holds for every r > r0).
In the setup described at the very beginning of this section, let us assume to fix an index i and
so we will denote, for simplicity of notation, Σi0 by Σ0 →֒ R3 \ B. Let us denote by A0 the second
fundamental form of Σ0, by H0 (resp. K0) its mean (resp. Gaussian) curvature and by ν0 its
Euclidean Gauss map. Patently, the geodesic spheres in the asymptotically flat ambient manifold
(M,g) become arbitrarily close to coordinate spheres in each end for very large values of the radius:
hence, it suffices to prove the assertions of Lemma 12 for Σ0 in lieu of Σ.
Proof. By means of a variation on standard curvature estimates in [Sch83b], we know that there
exists a constant C > 0 such that (for some, hence for any, fixed point p0 ∈M)
sup
p∈Σ\Z
dg(p, p0)|A(p)| ≤ C, sup
p∈Σ
|A(p)| ≤ C
and thus, by virtue of the simple comparison result
|A0(x)−A(x)| ≤ C|x|2 (|x||A(x)| + 1)
(where {x} is a set of asymptotically flat coordinates in E) we have that
|A0(x)| ≤ C|x| .
Similarly, since Σ is assumed to be minimal one obtains that |H0(x)| ≤ C|x|−2.
These two facts imply that for any sequence λm ց 0 the rescaled surfaces λmΣ0 converge (up
to a subsequence, which we do not rename) to a stable minimal lamination L in R3 \ {0}. The
convergence happens, locally, in the sense of smooth graphs.
Now, let L be a leaf, namely a (maximal) connected component of L. If 0 /∈ L in R3, then L = L
is a connected, stable minimal surface in the Euclidean space, hence a plane by [FS80, dCP79].
However, the same conclusion is also true in the case when 0 ∈ L thanks to a removable singularity
theorem obtained by Gulliver and Lawson [GL86] (see also Meeks-Perez-Ros [MPR13] and Colding-
Minicozzi [CM05]). As a result, every leaf of L is a flat plane in R3 and hence, since trivially any
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two leaves cannot intersect (due to the very definition of lamination) we conclude that, modulo an
ambient isometry, L = R2 × Y for some Y ⊂ R closed.
Because a plane in R3 is totally geodesic, it follows at once that we can upgrade our curvature
estimate to |A0(x)| ≤ o(1)|x|−1 as x goes to infinity. This implies that for r0 large enough the
surface Σ0 \ Br0 (which, we recall, is assumed to be proper) satisfies |A0(x)| ≤ C|x|−1 for some
C ∈ (0, 1) and we claim this forces Σ0 \ Br0 to be annular (namely to consist of finitely many
annular ends).
Indeed, let f : Σ0 → R be the restriction of the Euclidean distance function | · | to the surface
Σ0. The critical points of f occur at those points x0 where the unit normal ν0 is parallel to
the position vector x. A trivial computation shows that the Hessian at such a point is given by
∇2f(x0)[v, v] = 2(|v|2 − A0(x0)[v, v]δ(x0, ν0)) for any vector v ∈ Tx0Σ0 ≃ R2. We claim that
indeed, under our assumptions ∇2f(x0)[v, v] > 0 for all v ∈ Tx0Σ0 and, to check that, it is enough
(by homogeneity) to reduce to the case when v has unit (Euclidean) length. This is trivial, since
∇2f(x0)[v, v] ≥ 2(1 − |A0(x0)||x0|) ≥ 2(1 − C) > 0. This shows that all interior critical points of
the function f are strict local minima, which implies (since Σ0 is connected) that f does not have
any interior critical points at all and so Σ0 is annular, as we had to prove. Indeed, if f had an
interior critical point (say x∗), we could easily obtain a second one (of saddle type) by means of a
simple one-dimensional min-max scheme, namely looking at the space of paths connecting x∗ with
a point on the boundary Σ0 ∩ ∂Br0 . At this stage, the fact that the number of ends in question is
finite follows from Lemma 11. 
By working one annular component at a time we can (and we shall) then assume, without
renaming, that Σ0 is a connected annulus, in the sense specified above.
Let us explicitly remark that, by virtue of the argument above, for any sequence λm ց 0 the
rescaled surfaces λmΣ0 shall converge (in R
3 \ {0}) to a plane passing through the origin. The
convergence is meant as single-sheeted, smooth graphical convergence. As a result, a straightforward
blow-down argument ensures that g(ν0, x/|x|) < 1/3 for |x| large enough.
Lemma 13. Let Σ →֒M3 be a complete, properly embedded minimal surface of finite Morse index.
Then Σ has quadratic area growth, namely there exists a positive constant θ∗ such that the inequality
H 2(Σ ∩Br(p0)) ≤ θ∗r2 holds true for every r > 0 and p0 ∈M .
Proof. Thanks to the finiteness of the number of ends of Σ and the equivalence of the Riemannian
metrics g and δ on the end E (by which we mean the existence of a constant C > 0 such that
C−1g ≤ δ ≤ Cg) the claim follows by virtue of the co-area formula after having shown the existence
of a constant C > 0 such that H 1(Σ0 ∩ ∂Br) ≤ Cr.
If that were not the case, we could find an increasing sequence of radii rm ր∞ (with rm > r0 for
each m) such that the length of the embedded circle Σ0 ∩ ∂Brm is more than rmm. We could then
consider the rescaled sequence gotten by taking λm = r
−1
m and we should have, on the one hand
H
1(λmΣ0 ∩ ∂B1) ≥ m
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(at least for m large enough), while on the other we know that λmΣ0∩
(
B3/2 \B1/2
)
is just a graph
with small Lipschitz constant (by the argument we presented in the proof of Lemma 12), hence
H
1(λmΣ0 ∩ ∂B1) ≤ 3π.
thus reaching a contradiction. 
Lemma 14. Let Σ →֒M3 be a complete, properly embedded minimal surface of finite Morse index.
Then Σ is regular at infinity, namely it decomposes (outside a compact set) in a finite number of
graphical components, each having an expansion of the form
u(x′) = a log |x′|+ b+ e(x′), where e(x′) = O(|x′|−1+ε) ∀ ε > 0
for a suitably chosen set of asymptotically flat coordinates {x}.
Proof. Because of the quadratic area growth (gained in Lemma 13), the surface Σ0 does admit a
cone at infinity in the following sense. For any sequence λm ց 0 there exists a subsequence (which
we do not rename) such that λmΣ0 ⇀ Γ for some stable minimal cone Γ ⊂ R3, hence a flat plane.
The convergence happens in the sense of integral varifolds (see Chapter 4 of [Sim83]), which is to say
(in our special setting) that for any fixed continuous function f with compact support in R3 \ {0}
one has
∫
{λmx: x∈Σ0}
f dH 2 −→ ∫Γ f dH 2. Moreover, by virtue of the previous steps, we know
that Σ0 is annular, so that Γ has multiplicity one. At this stage, we are then in position to apply
Theorem 5.7 in [Sim85] (see also the discussion given at pp. 269-270) which implies that Σ0 is an
outer-graph: there exists a function u ∈ C2(Π\Br0 ;R) whose graph coincides with Σ0 and moreover
|x′|−1|u(x′)|+ |∇Πu(x′)| → 0 as |x′| → ∞.
Here Π is an hyperplane and we are adopting the notations presented in Section 1. To refine this
information and get an asymptotic expansion for u we need to preliminarily check that Σ0 has finite
total curvature, that is to say ∫
Σ0
|A0|2 dH 2 <∞.
This comes at once from the aforementioned comparison relation between A and A0 and thanks to
the stability inequality for Σ (in applying that we need to use the logarithmic cut-off trick, exploiting
the quadratic area growth).
This means that, by possibly taking a larger value of r0 and choosing a suitable set of asymptot-
ically flat coordinates {x}, the surface Σ0 coincides with the graph of a smooth function u : Π→ R
(for some plane Π) such that
(3.1) lim
|x′|→∞
∣∣∇Πu(x′)∣∣ = 0,
∫
Π\Br0
∣∣∇2Πu∣∣2 dL 2 <∞.
Moreover, we can then exploit the rough information (3.1) to improve our decay estimate to
u(x′) ≤ C|x′|1−α (for α > 0) and hence use this in the (perturbed) minimal surface equation to get,
by a standard elliptic bootstrap argument, that in fact
u(x′) = a log |x′|+ b+ e(x′), where e(x′) = O(|x′|−1+ε) ∀ ε > 0
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(the details are discussed in Appendix A). This shows that Σ0 and hence Σ is regular at infinity,
which completes the proof. 
The following lemma relies on an interesting idea suggested by O. Chodosh and M. Eichmair
which allows to shorten the argument we presented in the very first version of this article.
Lemma 15. Let Σ →֒ M3 be a complete minimal surface of finite Morse index. If M > 0, then
the Gauss curvature of Σ is negative outside a compact set.
Proof. It is enough to recall that
Ric(ν, ν) +
1
2
|A|2 = 1
2
R−K
and for our class of data (see Definition 7) we have
R ≤ C|x|−4
(because the Schwarzschild metric is itself scalar flat) and if M > 0 then
Ric(ν, ν) ≥ C|x|−3.
The latter assertion relies on the general formula for the Ricci tensor
Rickl =
M
|x|3
(
1 +
M
2|x|
)−2(
δkl − 3x
pxq
|x|2 δkpδlq
)
+O(|x|−4)
and the fact that g(ν, x/|x|) < 1/3 for |x| large enough, which has been remarked after the proof of
Lemma 12. 
Proof of Theorem 1. Now, we are going to eploit all of this information about the behaviour of Σ
at infinity. Indeed, the stability inequality (with the rearrangement trick by Schoen-Yau) takes the
form
1
2
∫
Σ
(
R+ |A|2)φ2 dH 2 ≤
∫
Σ
|∇Σφ|2 dH 2 +
∫
Σ
Kφ2 dH 2
so by means of the logarithmic cut-off trick
1
2
∫
Σ
(
R+ |A|2) dH 2 ≤
∫
Σ
K dH 2
and thanks to the Gauss-Bonnet theorem for open manifolds (see Shiohama [Shi85] or [Whi87]) we
know that ∫
Σ
K dH 2 = 2π(χ(Σ)− P )
(recall that P ≥ 1 is the number of ends of Σ) hence
0 ≤ 1
2
∫
Σ
(
R+ |A|2)φ2 dH 2 ≤ 2π(χ(Σ) − P )
which forces χ(Σ) = 1, P = 1 and Σ to be totally geodesic and with vanishing restriction of the
ambient scalar curvature. At that stage, an argument by Fischer-Colbrie and Schoen [FS80] gives
that Σ is intrinsically flat.
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Lastly, we recall Lemma 15, which ensures that if M > 0, then the Gauss curvature of Σ is
negative (at least far away from the core). Thus necessarily M = 0 and making use of Lemma
10 and the rigidity part of Theorem 9, we conclude that (M,g) is the Euclidean space R3 which
completes the proof. 
3.2. The proof for 4 ≤ n < 8. We now move to the proof of Theorem 2, namely the higher
dimensional counterpart of the previous one. It is convenient to recall here the notion of strong
stability.
Definition 16. Given α ∈ R we set
Vα(Σ) =
{
φ+ α | φ ∈ W1,23−n
2
(Σ)
}
,
and we also define
V(Σ) =
⋃
α∈R
Vα(Σ).
We say that a minimal hypersurface Σ →֒ (M,g) is strongly stable if the stability inequality∫
Σ
(Ric(ν, ν) + |A|2)φ2 dH n−1 ≤
∫
Σ
|∇Σφ|2 dH n−1
is true for any test function φ ∈ V.
When Σ is known a priori to approach, at suitably good rate, an hyperplane along one of its ends
the previous notion has a natural geometric interpretation: Σ is strongly stable if it is stable with
respect to all deformations that are essentially vertical translations near infinity.
We work here with the very same notations defined at the beginning of the previous subsection
and so let Σ0 be (with slight abuse of notation) one unbounded connected component of Σ \Z, and
considered as a properly embedded submanifold of Rn \ B for some Euclidean ball B centered at
the origin. Of course ∂Σ0 ⊂ ∂B.
Lemma 17. Let Σ →֒ Mn be a complete, properly embedded strongly stable minimal hypersurface
of polynomial volume growth. Given any p0 ∈ M there exists r0 > 0 such that for any r > r0 the
intersection of Σ with ∂Br(p0) in M is transverse. Such intersection consists of finitely many, say
P , smooth submanifolds Ξ1, . . . ,ΞP of dimension n − 2 and for every r > r0 the set Σ \ Br(p0)
consists of P ends and in fact we have a diffeomorphism Σ \Br(p0) ≃
⊔
Ξi × [r,+∞).
Proof. First of all, let us observe that (if {x} is a set of asymptotically flat coordinates in Rn) then
the integral ∫
Σ0
|x⊥|2
|x|n+1 dH
n−1
is finite (here x⊥ = δ(x, ν0), the projection of the position vector onto the normal space of Σ0 at
the point in question). Such claim easily follows from the general monontonicity formula by Allard
(see also Section 17 in [Sim83]), true for any integral k-varifold V of bounded mean curvature H0
µV (Bρ (ξ))
ρk
− µV (Bσ (ξ))
σk
=
∫
Bρ(ξ)
H0
k
· (x− ξ)
(
1
m(r)k
− 1
ρk
)
dµV +
∫
Bρ(ξ)\Bσ(ξ)
∣∣∂⊥r∣∣2
rk
dµV
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(where m(r) = max {r, σ}): indeed, in our case the left-hand side is bounded because of the poylno-
mial volume growth assumption, and of course
∫
Σ0
|H0|
|x|n−2
dH n−1 is finite because |H0(x)| ≤ C|x|−2
since H = 0 identically, by minimality of Σ.
We then claim that the previous integrability assertion can be turned into a pointwise decay
estimate, in the sense that |x|−1|x⊥| = o(1) as |x| goes to infinity. To that aim, we argue as follows.
Suppose, by contradiction, that such statement were false: then we could find 0 < ε < 1 and a
sequence of points (xi)i∈N belonging to Σ0 such that the following two conditions hold:
(3.2)


|xi| ր ∞, as i→∞
|x⊥i |
|xi|
≥ ε, for all i ∈ N.
Now, observe that since Σ is stable we know by making use of Theorem 3 in Section 6 of [SS81]
that there exists a constant C > 0 such that
sup
p∈Σ\Z
dg(p, p0)|A(p)| ≤ C, sup
p∈Σ
|A(p)| ≤ C
and, once again, by the comparison result |A0(x) − A(x)| ≤ C|x|2 (|x||A(x)| + 1) we conclude that
|A0(x)| ≤ C|x| .
This immediately implies that |∇Σ0 (x · ν0)| ≤ C |x| |A0(x)| ≤ C for some constant C ≥ 1. This
gradient bound implies that if r = |x| is large enough and |x · ν0 (x)| ≥ εr then one should also have
|y · ν0 (y)| ≥ εr/2 at all points y ∈ Σ0 belonging to the following set:
Kx =
{
y ∈ Σ0| there exists a path γx,y : [0, 1]→ Σ0 with γ(0) = x, γ(1) = y, length(γx,y) ≤ εr
2C
}
where length(γ) denotes the length of the path γ and C is the constant defined above. We claim
that in fact the set Kx contains the (extrinsic) ball of center x and radius εr/ (4C). This follows
by a standard graphicality argument (see, for instance Lemma 2.4 in [CM11]) again thanks to the
pointwise decay assumption on the second fundamental form of Σ0. If we apply this argument to
each of the points xi keeping in mind their definition (see (3.2)) we get that∫
Σ0∩{|x|>ri/2}
|y · ν0(y)|2
|y|n+1 dH
n−1 (y) ≥
∫
Kxi
|y · ν0(y)|2
|y|n+1 dH
n−1 (y)
≥
∫
B( εri4C )
(xi)
|y · ν0(y)|2
|y|n+1 dH
n−1 (y) ≥ Cεn+1
(for a suitable constant C) but on the other hand we already know, that it must be
lim
i→∞
∫
Σ0∩{|x|>ri/2}
|y · ν0(y)|2
|y|n+1 dH
n−1 (y) = 0
and these two facts together give a contradiction.
Thanks to the statement we have just proved and the properness assumption, we can find a large
number r0 > 0 such that the submanifold Σ0 meets all the spheres ∂Br transversely for r ≥ r0
and such intersection consists of finitely many submanifolds of dimension n − 2. Furthermore, the
distance squared function r2 : Σ0 ∩ Bcr0 → R cannot have interior critical points for r > r0 and
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therefore, by basic results in Morse theory and repeating the argument for each unbounded end of
Σ (one of finitely many, due to the polynomial volume growth of Σ) we conclude that Σ \ Br(p0)
consists of P ends and Σ \Br(p0) ≃
⊔
Ξi × [r,+∞), as we had claimed. 
Without loss of generality, as we did above let us assume from now onwards that Σ0 is renamed
to be one of those ends.
Lemma 18. Let Σ →֒Mn be a complete, properly embedded strongly stable minimal hypersurface of
polynomial volume growth. If 4 ≤ n < 8 then Σ is regular at infinity, namely it decomposes (outside
a compact set) in a finite number of graphical components, each having an expansion of the form
u(x′) = a+ b|x′|3−n + e(x′), where e(x′) = O(|x′|2−n+ε) ∀ ε > 0
for a suitably chosen set of asymptotically flat coordinates {x}.
Proof. Because of the polynomial volume growth assumption, the hypersurface Σ0 does admit a
cone at infinity in the sense recalled in the previous subsection. Due to the fact that the ambient
dimension is less than eight we then know by [Sim68] that the cone Γ has to be regular, since it is
in fact an hyperplane Π. Moreover Γ has multiplicity one. Hence we apply Theorem 5.7 in [Sim85]
(see also the discussion given at pp. 269-270) which ensures that Σ0 is an outer-graph: there exists
a function u ∈ C2(Π \Br0 ;R) whose graph coincides with Σ0 and moreover
|x′|−1|u(x′)|+ |∇Πu(x′)| → 0 as |x′| → ∞
At that stage, we make use of this information (together with the fact that
∫
Σ |A|2 dH n−1 < ∞,
which is implied by the strong stability and the polynomial volume growth assumptions) to get for
u the desired expansion, in formal analogy with the n = 3 case, as discussed in Appendix A. 
To prove infinitesimal rigidity in dimension k we will make use of the Positive Mass Theorem in
dimension k − 1. It is first convenient to state and prove the following simple lemma.
Lemma 19. Let (M,g) and Σ be as above. Suppose that there exists a function ψ ∈ Vα(Σ) such
that ∫
Σ
(
|∇Σψ|2 + n− 3
4(n− 2)RΣψ
2
)
dH n−1 = 0
Then ψ = α for H n−1 a.e. x ∈ Σ.
Proof. If some function ψ satisfies
∫
Σ
(
|∇Σψ|2 + n−34(n−2)RΣψ2
)
dH n−1 = 0, then obviously the
integral
∫
ΣRΣψ
2 dH n−1 ≤ 0 and therefore, because of the strong stability assumption, the fact
that c(k) = (k−2)/4(k−1) < 1/2 for any k ≥ 3 and that the term Q = 12
(
R+ |A|2) is non-negative,
we know that the following chain of inequalities holds:∫
Σ
|∇Σψ|2 dH n−1 ≥ −1
2
∫
Σ
RΣψ
2 dH n−1 ≥ −c(n− 1)
∫
Σ
RΣψ
2 dH n−1.
As a result, necessarily
∫
ΣRΣψ
2 dH n−1 = 0 and thus also
∫
Σ |∇Σψ|2 dH n−1 = 0. This forces ψ to
be constant H n−1 a.e. on Σ and due to its behaviour at infinity (recall that we assumed ψ ∈ Vα)
the conclusion follows. 
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Proof of Theorem 2. We now derive infinitesimal rigidity for Σ. In view of Lemma 18 we know that
Σ itself can be regarded as an asymptotically flat manifold with an induced Riemannian metric
given by
gij = g
(
∂U
∂xi
,
∂U
∂xj
)
= h
4
n−2
(
δij +
∂u
∂xi
∂u
∂xj
)
+O(|x|−(n−1)), as |x| → ∞.
This is true at each of its ends (u and h are, respectively, the defining function of the end we are
considering and the conformal factor of E). In order to deform g to a scalar flat metric on Σ we
need to prove that the conformal Laplacian QΣ : W1,23−n
2
(Σ) →W−1,2−1−n
2
(Σ) is an isomorphism. First
of all, Lemma 19 applied for α = 0 implies at once that QΣ has to be injective. At that point, a
standard application of the Sobolev inequality [Bar86] gives that for any datum θ ∈ W−1,2−1−n
2
(Σ) the
functional Fθ given by
ϕ 7→
∫
Σ
(
|∇Σϕ|2 + n− 3
4(n− 2)ϕ
2 − θϕ
)
dH n−1
is bounded from below and coercive and thus, following the direct method of the Calculus of
Variations (where we exploit the Rellich compactness for these weighted spaces, as given in [Bar86]),
we conclude that it must have a critical point ϕ0 ∈ V0(Σ) =W1,23−n
2
(Σ). This completes the proof of
the claim. When θ = − n−32(n−2)RΣ we thus obtain a function χ with the property that QΣ(1+χ) = 0.
If we let ψ = 1 + χ strong stability and integration by parts give
−c(n− 1)
∫
Σ
RΣψ
2 dH n−1 ≤ 2c(n − 1)
∫
Σ
|∇Σψ|2 dH n−1 ≤
∫
Σ
|∇Σψ|2 dH n−1
= −c(n − 1)
∫
Σ
RΣψ
2 dH n−1 + lim
σ→∞
∫
∂Bσ
ψ∇ηψ dH n−2.
Since linear theory (see e. g. Meyers [Mey63]) gives, for ψ, an expansion of the form
ψ(x′) = 1 +
2M
n− 2 |x
′|3−n +O(|x′|2−n)
we imediately see that previous inequality forces M ≤ 0. On the other hand, M represents the
ADM mass of the asymptotically flat, scalar flat manifold (Σ, ψ4/(n−3)g) so that the Positive Mass
Theorem (Theorem 9), in dimension n− 1, gives M≥ 0 and hence in fact M = 0.
At that stage, we can re-consider the previous chain of inequalities and see at once that we are
in position to exploit Lemma 19 and conclude that ψ = 1 identically on Σ. This means that (Σ, g)
had to be scalar flat.
By performing computations similar to those we did above in the case n = 3 we see that if M > 0
then, along the end E, one has Ric(ν, ν) ≥ C|x|n while |R| ≤ C|x|n+1 so that the Gauss equation
gives RΣ ≤ −C|x|−n as x→∞ (for C > 0). This contradicts the conclusion stated in the previous
paragraph, unless (M,g) has mass zero, and the conclusion follows from Theorem 9. 
Appendix A. Improving decay from tangent cone uniqueness
We give here the details of an argument we mentioned both in Lemma 14 (auxiliary to the
proof of Theorem 1) and in Lemma 18 (auxiliary to the proof of Theorem 2). In both cases, we
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could describe the hypersurface Σ (or, more precisely, each end thereof) as the graph of a function
u ∈ C2 (Π∗ ≃ Rn−1 \B;R) with the properties that
lim
|x′|→∞
|∇Πu(x′)| = 0,
∫
Π
|∇2Πu|2 dL n−1 <∞.
(The function u is only defined in the complement of an open ball in an hyperplane Π). We remark
that the second condition is equivalent to the finiteness of the total curvature of Σ, since the gradient
is bounded.
A.1. From Hölder decay of the gradient to optimal decay. In this subsection, we assume
that |∇2Πu| ≤ C|x′|−1−α (in asymptotically flat coordinates {x}) for some α ∈ (0, 1) and we indi-
cate how an asymptotic expansion for u can be obtained. First of all, let us observe that by our
assumption we also get |u|+ |x′||∇Πu| ≤ C|x′|1−α. Moreover, based on the fact that we are working
with asymptotically flat data, all of the previous statements can be phrased in terms of Euclidean
derivatives in asymptotically flat coordinates. A simple computation shows that the function u
solves a quasi-linear elliptic problem of the form
n−1∑
i,j=1
(
δij − u,iu,j
1 + |∂u|2
)
u,ij + 2
(
n− 1
n− 2
)√
1 + |∂u|2 ∂h
∂ν0
+R(x′) = 0
where ν0 =
(−∂u,1)√
1+|∂u|2
is, as usual, the Euclidean unit normal and R is a remainder term such that
∣∣R(x′)∣∣ ≤ C
[ |u|
|x′|n+1
(
1 + |∂u|+ |∂u|2)+ 1|x′|n
(
1 + |∂u|+ |x′||∂2u|)
]
.
Based on the a-priori decay of ∂u, ∂∂u we can rewrite the equation in the much simpler form
∆u = f
where |f(x′)| ≤ C|x′|max{−1−3α,−n+1−α,−n}. Standard PDE theory guarantees that, given any
ε′ > 0, we can find a solution v of the problem
∆v = f on Π∗ = Rn−1 \B
satisfying the bound
|v(x′)|+ |x′||∂v(x′)|+ |x′|2|∂2v(x′)| ≤ C|x′|max{1−3α,−n+3−α,−n+2}+ε′
and thus necessarily w = u− v is an harmonic function defined on the complement of a ball B in
R
n−1. Since w(x′) = o(|x′|) as |x| → ∞, if n = 3 we conclude that w grows at most logarithmically
and has an expansion of the form
w(x′) = a−1 log |x′|+ a0 +
∑
m≥1
(
bm cos(mθ) + b
′
m sin(mθ)
) |x′|−m.
Similarly, if n ≥ 4 we conclude that w(x′) decays (modulo an additive constant) as prescribed by
the inequality w(x′) ≤ C|x′|3−n and has an expansion. As a result, we obtain an improved bound
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for u and we can exploit this information in the minimal surface equation solved by u. Iterating
this argument finitely many times, we obtain that (for any given ε > 0):
• if n = 3 grows at most logarithmically and u(x′) = a+ b log |x′|+O(|x′|−1+ε) as |x′| → ∞;
• if n ≥ 4 decays at a rate |x′|3−n and u(x′) = a+ b|x′|3−n +O(|x′|2−n+ε) as |x′| → ∞.
A.2. Proving Hölder decay of the gradient. We then move to the preliminary part of the
argument consisting in getting a pointwise decay estimate for |∇u|. By the De Giorgi Lemma (see,
for instance, Theorem 5.3.1 in [Mor66]) it is enough, to that aim, to prove an integral estimate of
the form ∫
Π\Bσ
|∇∇u|2 dL n−1 ≤ Cσ−2α
for some constant C > 0 independent of σ. Let us fix an index 1 ≤ k ≤ n − 1 and differentiate in
xk the equation solved by the function u: in turn vk = u,k solves T (vk) = Rk where
T (vk) = ∂xi(a
ij∂xjvk)
for aij =
(
δij − ν0iν0j
)
/
√
1 + |∂u|2 and |Rk(x′)| ≤ C|x′|−n as |x′| → ∞. From this equation we
see that for any constant vector β we have that |∂u− β|2 =∑k(vk − βk)2 satisfies
T (|∂u− β|2) = 2
∑
i,j,k
aij(∂xi∂xku)(∂xj∂xku) + 2
∑
k
Rk(∂xku− βk) ≥ |∂∂u|2 − C|x′|−n
at least for |x| large enough. That being said, for any large σ we choose a cutoff function ϕ which
is one outside B2σ and zero inside Bσ (this comes from the strong stability when 4 ≤ n < 8 and
relies on the logarithmic cut-off trick when n = 3 instead). We may multiply by ϕ2 and integrate
by parts using the integrability of |∂∂u|2 to justify the result, thus obtaining∫
B2σ\Bσ
−aij(∂xiϕ2)(∂xj |∂u− β|2) dL n−1 ≥
∫
Π\Bσ
ϕ2|∂∂u|2 dL n−1 − C
∫
Π\Bσ
|x′|−n.
The standard manipulation (based on Young’s inequality) and rearrangement give∫
Π\Bσ
ϕ2|∂∂u|2 dL n−1 ≤ C
∫
B2σ\Bσ
|∂ϕ|2|∂u− β|2 dL n−1 + Cσ−1
which of course implies∫
Π\B2σ
|∂∂u|2 dL n−1 ≤ Cσ−2
∫
B2σ\Bσ
|∂u− β|2 dL n−1 +Cσ−1.
Choosing the vector β to be the average of the gradient ∂u over the annulus and applying the
Poincaré-Wirtinger inequality we obtain∫
Π\B2σ
|∂∂u|2 dL n−1 ≤ C
∫
B2σ\Bσ
|∂∂u|2 dL n−1 + Cσ−1.
If we denote J(σ) =
∫
Π\Bσ
|∂∂u|2 dL n−1, the previous inequality can be written in the form
J(2σ) ≤ C(J(σ)− J(2σ)) + Cσ−1
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or J(2σ) ≤ θJ(σ) + ξσ−1. At that stage, the claim is proved by means of a version at infinity of a
general iteration lemma, as stated here.
Let σ ∈ R, σ ≥ σ0 and suppose we know that there exist constants θ ∈ (0, 1), λ > 1 and ξ > 0
such that
J(λσ) ≤ θJ(σ) + ξσ−1, ∀ σ ≥ σ0.
It is convenient to set ω = − logλ θ and let us notice that ω > 0, while we cannot say, at least a
priori, whether ω ∈ (0, 1] or instead ω > 1. Let us define τ = σ−1 and G(τ) = J( 1τ ) for τ ∈ (0, τ0],
where clearly τ0 = σ
−1
0 : our assumption turns into the equivalent form
G
(τ
λ
)
≤ λ−ωG(τ) + ξτ, ∀ τ ∈ (0, τ0] .
Lemma A.1. Let G : (0, τ0] a non-decreasing function such that
(A.1) G
(τ
λ
)
≤ λ−ωG(τ) + ξτ,∀ τ ∈ (0, τ0]
for some ω > 0 and ξ > 0. Then, there exists a real constant C = C (ω, ξ, λ, τ0) such that
G(τ) ≤ Cτω,∀ τ ∈ (0, τ0]
where we have set ω = min {1, ω}.
Proof. Given τ ≤ τ0, let Q ∈ N be the only nonnegative integer such that
τ0
λQ+1
< τ ≤ τ0
λQ
.
Now if Q ≥ 1, by our assumption (A.1), we know that
G
( τ0
λQ
)
≤ λ−ωG
( τ0
λQ−1
)
+ ξ
τ0
λQ−1
and then, by iteration, an elementary induction argument gives that
G
( τ0
λQ
)
≤ λ−QωG(τ0) + λω ξτ0
λQ
Q∑
j=1
λ(1−ω)j
and therefore, since G(·) is nondecreasing, this implies
(A.2) G (τ) ≤ λ−QωG(τ0) + λω ξτ0
λQ
Q∑
j=1
λ(1−ω)j.
To proceed further, it is convenient to consider the two cases when ω > 1 or ω ∈ (0, 1] separately.
In the former, we immediately get from (A.2), by simply replacing the partial sum by the whole
series (which is obviously summable)
G (τ) ≤ λω
(
τ
τ0
)ω
G (τ0) + C(ω, ξ, λ)τ
and hence
G (τ) ≤ C(ω, ξ, λ, τ0)τ, ∀ τ ∈ (0, τ0] .
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In the latter case, it is enough to get an upper bound on such partial sum:
Q∑
j=1
λ(1−ω)j ≤ λ
1−ω
λ1−ω − 1
(τ0
τ
)1−ω
and hence, from (A.2) we imediately get
G (τ) ≤ C(ω, ξ, λ, τ0)τω,∀ τ ∈ (0, τ0]
which completes the proof. 
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